Topological stabilizer codes with different spatial dimensions have complementary properties. Here I show that the spatial dimension can be switched using gauge fixing. Combining 2D and 3D gauge color codes in a 3D qubit lattice, fault-tolerant quantum computation can be achieved with constant time overhead on the number of logical gates, up to efficient global classical computation, using only local quantum operations. Single-shot error correction plays a crucial role.
Quantum error correction methods [1] that emphasize locality [2] constitute nowadays the most promising approach for practical implementation. In particular, topological stabilizer codes [3] receive a good deal of attention due to their flexibility and relative simplicity. 2D topological stabilizer codes are potentially easiest to implement, but low dimensionality constrains severely the operations that can be performed locally [4] . 3D codes do not suffer from such obstructions [5] , but require many more qubits, among other drawbacks. The purpose of this work is to bring together the best of the two worlds by providing a bridge between them: a procedure to switch between 2D and 3D codes.
Among 2D topological stabilizer codes 2D color codes [6] are optimal in terms of the local implementation of gates. Namely, all Clifford gates are transversal, i.e. act individually on the physical qubits composing the code (or pair-wise for two-qubit logical gates). See [7] for a recent single-qubit implementation. Unfortunately Clifford gates are not enough for universal computation, but this is all that 2D topological stabilizer codes can offer [4] . The way out is to either resort to complementary techniques that increase the amount of resources needed [8] , to consider more complicated codes [3] , or to increase the spatial dimension.
3D (gauge) color codes are 3D topological stabilizer codes with many remarkable characteristics that, put together, enable fault-tolerant quantum computation with quantum-local elementary operations, i.e. involving only a finite depth local quantum circuit aided with global classical information processing [9] . This comes at a cost: spatial locality can only be attained in 4D when implementing two-qubit logical gates. In addition, 3D color codes require O(n 3/2 ) qubits to get an effective error rate that with a 2D color code would required O(n) qubits.
Dimensional jumps solve these problems, at least to a large extent. As the name suggests, in a dimensional jump the spatial dimension of a local code is switched in constant time, or more precisely via a quantum-local operation, where locality refers to a 3D layout. In particular, the procedure allows to switch back and forth fault-tolerantly between 3D and 2D color codes.
Equipped with dimensional jumps one can envision the 3D-local fault-tolerant quantum computing layout of figure 1. The starting point is a stack of 2D color codes, Each layer of the stack is a 2D color code encoding a logical qubit. On one extreme sits a 3D color code lattice. Most of the stack acts as a memory where logical qubits are shuffled, and computations happen in and next to the 3D structure.
analogous to the one proposed for toric codes in [2] . Each layer encodes a single logical qubit, and all Clifford gates can be perfomed transversally. On one extreme of the stack sits a 3D color code lattice, and the 2D color code sitting next to it can be converted back and forth into a 3D color code. As a 2D code it can be part of the Clifford gates occurring in the stack, and as a 3D code it becomes isolated from the other 2D codes but a non-Clifford gate can be implemented, achieving universality [5] .
An advantage of the layout is that all logical qubits but one are encoded in 2D, dramatically reducing the resources when compared with an all-3D encoding. Also important is that all elementary operations are quantumlocal. As a drawback, the 3D capabilities are only available in one location, and therefore parallel computation is lost. The time overhead is still constant on the number of logical gates, and for this it is enough to be able to perform swap gates in most of the stack, with computations confined to neighbors of the 3D code. Finally, it is worth noting that, for the 2D and 3D constructions of [10] , the required elementary operations involve at most 6 physical qubits at a time (plus any ancillas used). Stabilizer codes. A stabilizer subsystem code [11] on n physical qubits is defined by two subgroups S, G of the Pauli group of operators on n qubits. The stabilizer group S defines the code subspace where quantum information is encoded, and the gauge group G generates the algebra of operators that do not disturb encoded information. They have to satisfy where Z(A) denotes the centralizer of A in the Pauli group. The operators in the set Z(G) are (bare) logical (Pauli) operators: they transform encoded states while preserving the encoding. Their logical effect is the same if they are equivalent up to stabilizers, and thus it is convenient to choose a minimal set L of representatives.
Gauge fixing. This procedure [12] allows to switch back and forth between two codes S, G and S ′ , G ′ if [10] they share a representative set L of logical operators and
or, equivalently (up to a choice of signs for S and S ′ )
Any encoded state of S ′ is also an encoded state for S. Transforming an encoded state of S into an encoded state of S ′ is called gauge fixing. Ideally it amounts to measure a set of generators of S ′ (or just of S ′ /S) and apply a suitable element of G (in fact of G/G ′ ). Splitting. Gauge fixing can split a code. Consider some codes with gauge groups G i defined on disjoint sets of n i qubits each and with logical operator representative group L i . Let G be a code on the n = i n i qubits, with logical operator representative group L and such that
According to (3) the code G can be gauge fixed to the code G ′ obtained by putting together the G i . In this case gauge fixing amounts to split G into pieces G i , each keeping some of the logical qubits. And conversely, putting together such pieces provides an encoded state of G. Colexes. 2D color codes [6] are defined on 2-colexes. These are 2D trivalent lattices with 3-colored edges in which plaquettes (2-cells) have edges of two colors. The 2-colexes considered here are triangular. In particular, each side of the triangle has edges in different combinations of two colors, see Fig. 2 . 3D color codes [5] are defined on 3-colexes. These are 3D tetravalent lattices with 4-colored edges, in which plaquettes have edges of two colors and cells (3-cells) have edges of three colors. The 3-colexes considered here as a starting point are tetrahedral. In particular, each facet of the tetrahedron has edges in different combinations of three colors, see Fig. 2 . Detailed constructions of triangular 2-colexes and tetrahedral 3-colexes are given in [10] , and more general definitions in [9] .
A key feature for the results below is that each triangular facet of a tetrahedral 3-colex is a triangular 2-colex. One of these faces will be termed the outer (2-)colex. The inner (3-)colex is composed of those vertices, edges, and cells not in contact with the outer colex. Those cells with both inner and outer vertices will be termed interface cells, and similarly for plaquettes. Color codes. 2D color codes and 3D gauge color codes [10] are self-dual CSS topological stabilizer codes, i.e. the generators of the stabilizer and gauge group are products either exclusively of bit-flip X operators or exclusively of phase-flip Z operators, with the same geometry for X-and Z-type generators. Therefore, the code is completely defined by the support of the generators.
Both in 2D and 3D there is one physical qubit per vertex of the colex. Let the support of an edge, plaquette or cell operator be the set of vertices of a given edge, plaquette or cell, respectively. A first crucial fact is that both in 2D and 3D the gauge generators are plaquette operators. The respective generator sets will be denoted G 2 an G 3 . The stabilizers in general depend on the geometry of the code. For 2D triangular codes the generators are again plaquette operators, denoted S 2 , and for the 3D tetrahedal codes the generators are cell operators, denoted S 3 . In both cases the support of logical operators can be chosen to consist of all qubits. A second crucial feature, however, is that for 3D tetrahedral codes the logical operators can be chosen to have as support the set of all outer qubits [9] .
A 3D gauge color code can also be defined for the inner colex. It encodes no logical qubits. Its gauge generators G in are plaquette operators (by definition), and its stabilizer generators S in include all the cell operators together with, for each cell c in the interface, the restriction of the corresponding cell operator s c to the inner qubits. Dimensional collapse. As observed above, (i) the inner code has no logical qubits, (ii) the logical operators of the outer 2D code are also logical operators of the 3D code and (iii)
It follows from (4) that the 3D code can be gauge fixed to the split code
Moreover, due to the CSS structure (2) holds exactly, not up to a choice of signs.
Ideally, the dimensional jump from the 3D code to the 2D code amounts to
1.
discard inner qubits,
2.
measure the elements of S 2 to obtain a syndrome σ, and 3. apply a Pauli operator E σ with syndrome σ.
E σ is unique up to stabilizers S 2 : it is the restriction to the outer colex of some gauge operator in the 3D code. This means that it is a product of X-and Z-type edge operators in the outer colex, since such is the restriction of interface plaquette operators to the outer code. The problem with this procedure is that it is not faulttolerant at all: it maps most pre-existing single-qubit errors on outer qubits to a logical error in the final state. From inner to outer. Consider Z-type operators, the X-type case is analogous. For each plaquette p in the outer colex there is a unique interface cell c that contains p. If s c and s p are the corresponding operators, then
where s ′ c is the restriction of s c to the inner colex [13] . For encoded states of S 3 , s c = 1 and the syndrome of S 2 can be recovered from the syndrome of S in .
In the single-shot approach to error correction of [9] the generators of S in are not measured directly. Instead, their value is recovered from a gauge syndrome: the eigenvalues of the (Z-type!) generators in G in . This suggests an alternative approach to dimensional collapse, where steps 1 and 2 above are substituted by
1.
measure the elements of G in , in two separate rounds for X-and Z-type generators, to get the respective gauge syndromes and from them a syndrome σ,
discard inner qubits.
This procedure can be made fault-tolerant. Notice that the measurements do not (ideally) affect stabilizers in S 2 or S in . Repeated rounds of alternating X and Z measurements would yield different gauge syndromes, but the syndrome σ is always the same! Measurement errors. Again it suffices to consider Ztype generators. Suppose that the original encoded qubit is known to be noiseless but measurements (and nothing else) can fail, in particular by returning the wrong eigenvalues for some subset δ ⊆ G in with some probability. In general δ will not be a gauge syndrome of an encoded state, but this can be detected and amended with some efficient classical processing [9] , and thus it is effectively true. After applying the gauge fixing process, instead of the correct encoded state the result suffers from an error E σ , with σ the syndrome corresponding to δ. The correct gauge syndrome and the corresponding syndrome play no role here thanks to the uniqueness of E σ . A gauge syndrome can be represented as a set of dual edges: each dual edge corresponds toa plaquette with eigenvalue -1 (a dual edge can be visualized as connecting the centers of the two cells meeting at the corresponding plaquette). Dual edges are color-labeled as their plaquettes. For an encoded state of S 3 , the only elements of S in that might be negative are those of the form s ′ c in (7). Therefore [9] δ is the disjoint union of some 'flux lines' with a given coloring and without endpoints within cells of the inner colex. Each of the flux lines is itself a gauge syndrome δ i with a corresponding syndrome σ i . For any choice of the E σi , again due to uniquenes property
where the equivalence is up to stabilizers. The relationship between δ i and σ i is as follows [9] . The syndrome σ i is such that s p = −1 if and only if (i) p has the same coloring as δ i and (ii) δ i has an endpoint in c, with p and c as in (7). Thus if δ i has a coloring not matching the corresponding facet, σ i is trivial. In other case, δ i might have two, one or no endpoints in an interface cell c. For concreteness let the outer colex have edges with labels r (red), g (green) and b (blue), and δ i be an rg-flux. In the first case E σi can be a product of b-edge operators forming a string operator between the two blue plaquettes [6] . The second case is similar, but now one of the endpoints of the string is in the rg-side of the triangle. This side is part of the only facet of the tetrahedron where a rg-flux can end [9] . In the third case the syndrome is trivial and E σi ∼ 1. As depicted in Fig. 3 , for each fluxline there is a string operator E σi with a length that is, up to a constant that depends on the detailed structure of the colex, smaller than the length of the flux-line. Since in addition the string and the flux-line are connected, local measurement errors (below a noise threshold) yield local residual noise [9] .
Since only rg-, gb-and rb-fluxes are relevant, there is no need to measure the rest of plaquette generators. The plaquette generators to be measured commute with each other [14] , and steps 1 and 2 above can be substituted by 1+2. Obtain a syndrome from the destructive measurement of the plaquette operators in G in with colors matching some plaquette of the outer colex.
Fault-tolerance. In general the original 3D state will be noisy, and so will be the measurements and the application of E σ . Local errors affecting outer qubits at any time will remain local: the application of E σ is local. Local errors affecting inner qubits and previous to measurements can be absorbed as local measurement errors: measurements are local. In summary, if all the noise is local (and below a threshold) so will be the residual noise after the 'dimensional collapse'. Blowing up. The inverse dimensional jump only requires initializing the inner code. Since it is a gauge color code, this can be done applying single-shot error correction [9] to an arbitrary state of the inner qubits. This is a fault-tolerant process that only involves a round of measurements for each kind of gauge generators, efficient classical processing and the transversal application of a correction operator that brings the system close to the code subspace. 3D-local computation. Computation would proceed as follows in the layout of Fig. 1 . For the logical qubits encoded on the 2D color codes next to the 3-colex structure, quantum-local initialization and universal gates are available via dimensional jumps (quantum-local measurements do not require them [2] ). In particular, for those 2D color codes single-shot error correction is available via dimensional jumps, making fault-tolerant CNot gates quantum-local. As for the rest of 2D color codes, since they are idle or being shuffled around it is enough to keep track of errors [2] . This set of operations is enough to achieve a constant time overhead because it is possible to perform the shuffling in such a way that the logical qubits that need to be operated on are always available. Higher dimensions. Colexes [14] and gauge color codes [10] can be defined for arbitrary dimensions. In general, for a given D-colex it is possible to build different color codes with labels (d, e) that indicate the dimension of the gauge generators. In particular, d and e are positive integers with d + e ≤ D, X-type generators are (e + 1)-cell operators, and Z-type generators are (d + 1)-cell operators.
The most interesting class of color codes is that constructed out of simplicial colexes, which generalize the triangular and tetrahedral colexes considered above. They encode a single qubit, and the logical X and Z operators can be chosen to have as support the whole colex. For these codes gauge fixing can be used to change, within a given colex, the parameters (d, e) at will [10] . The dimensional jump described above allows to switch between a given (1, 1) tetrahedral color code and a (1, 1) triangular color code defined on any of the facets of the tetrahedron. Analogously, one can switch between a (d, e) D-simplicial color code and a (d, e) (D − 1)-simplicial color code defined on any of the facets of the D-simplex. Indeed, the gauge generators trivially match, and logical operators can be chosen to have as support the whole facet. To check that such operators commute with any cell operator of dimension at least two, observe that there exists only one color κ such that κ-edges might have a single vertex in the facet, and the cell operator contains edges of more than one color.
The lesson is that gauge color codes with different values of D or (d, e) are something else than just separate codes. Altogether they form a system of topological stabilizer codes, and much more is possible by making them work together than by considering them separately.
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